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Precise determination of critical points of topological phase transitions via shift current
in two-dimensional inversion asymmetric insulators
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1School of Physics, Sun Yat-Sen University, Guangzhou 510275, China
The precise determination of critical point is the basis to extract various critical properties of phase transi-
tions. We identify that for two-dimensional inversion asymmetric insulators, with and without time-reversal
symmetry, when topological phase transitions take place, all nonvanishing components of band-edge shift cur-
rent tensor will reverse their signs in a singular way, regardless of what realistic value the temperature takes.
This remarkable sign-reversal behavior of band-edge shift current tensor thus can be applied to determine the
critical points of various topological phase transitions precisely, even for temperature-driven ones. We suggest
concrete materials to test our predictions.
Since the first successful exfoliation of graphene[1], the
family of two-dimensional (2D) materials has grown ex-
tremely fast over the last decade, ranging from insulators,
metals to superconductors[2–4]. Owing to their atomically
thin structures, 2D materials have demonstrated various novel
phases, as well as fascinating electronic, optical and mechan-
ical properties that do not exist in their bulk counterparts[4–
8]. Another remarkable common feature of 2D materials is
that their atomically thin structures also provide exceptional
flexibility to tailor their bulk properties[9–13], suggesting that
2D materials are ideally suited for an in-depth investigation of
various competing phases, as well as their transitions and criti-
cal properties[14, 15]. The emerged 2Dmaterials also open up
a new door for topological phases and related physics[16–18].
The most notable example is the demonstration of a quantum
spin Hall insulating phase in graphenewith intrinsic spin-orbit
coupling[19, 20]. This conceptional breakthrough reveals that
seemingly featureless band insulators actually have very rich
physics and need to be further classified according to their un-
derlying band topology[20–33]
The existence of distinct topological phases in insulators
raises a natural question: what kind of new critical properties
may emerge at the critical points of continuous topological
phase transitions (TPTs) between distinct insulating phases.
While the critical properties of TPTs have been actively stud-
ied in theory[34–43], thus far they have been largely unex-
plored in experiments, mainly owing to the lack of experi-
mental methods that are able to determine the critical points
of TPTs precisely. As is known, the critical points of con-
ventional continuous phase transitions can simply be deter-
mined in experiments by the observation of singular behavior
in physical quantities. For TPTs, as the name suggests, the
most dramatic change are topological invariants, which, how-
ever, are not physical observables. Generally, the topologi-
cal invariant of an insulating phase is revealed by measure-
ments of quantized linear-response transport coefficients[44–
47], however, owing to finite temperature effect and various
scattering effects, the quantization of linear-response transport
coefficients breaks down when the system gets closed to the
critical point at which the band gap vanishes, indicating the
absence of any singular signature in these observables at the
critical point[48].
In this work, we show that a measurement of shift cur-
rent (a nonlinear optical effect[49–51]) can determine the
critical points of TPTs in 2D inversion asymmetric insula-
tors precisely, owing to that the band-edge shift current ten-
sor will display a singular sign-reversal behavior across the
critical points. As is known, only two of the ten symmetry
classes, class AII (with time-reversal symmetry (TRS)) and
class A (without TRS), can host topological insulating phases
in 2D[26, 27].The former is classified by a Z2 number, while
the latter is classified by an integer, the Chern number[26, 27].
Remarkably, we demonstrate compactly that in the absence of
inversion symmetry (a prerequisite for the presence of shift
current[49–51]), all nonvanishing components of band-edge
shift current tensor will reverse their signs in a singular way
across the TPTs allowed by these two symmetry classes, re-
gardless of what realistic value the temperature takes, indi-
cating the wide applicability of this approach in 2D. Note-
worthily, while in the absence of inversion symmetry certain
component of shift current tensor was also found to reverse its
sign when a normal insulator is transited to a topological insu-
lator in 3D[52], the transition itself is in general indirect owing
to the existence of an intermediate gapless phase[53, 54].
General theory.— Near the critical point of a continuous
TPT, the relevant physics are faithfully described by the low-
energy Hamiltonian around the band edge with the small-
est energy gap. For generality, we consider the low-energy
Hamiltonian takes the from H =
∑
q;α⊕Ψ†α;qHα(q)Ψα;q
with Ψα = (cα;q;1, ..., cα;q;n)
T an n-component spinor, α la-
beling the α-th band edge, and q = (qx, qy) the momentum
relative to the band edge. DifferentHα(q) are related by sym-
metry, so that they are degenerate in energy and their energy
gaps get closed and reopened at the same time.
For 2D inversion asymmetric insulators without TRS, the
low-energy Hamiltonian is in general a rank-2 matrix. The
presence of TRS in general requires it to be a rank-4 matrix,
but if spin conserves, it can be reduced as the direct sum of
two rank-2matrices. For simplicity, we first confine ourselves
to the spin conserving case if TRS is respected and address
the spin non-conserving case later. Then to second order in
momentum, the general form of Hα(q) is Hα(q) = dα(q) ·
2τ + ǫα(q)I, with
dα;x(q) = ∆α;x + vα;xqx +Aα;ijqiqj ,
dα;y(q) = ∆α;y + vα;yqy +Bα;ijqiqj ,
dα;z(q) = mα + λα;xqx + λα;yqy + Cα;ijqiqj , (1)
τ = (τx, τy , τz) the Pauli matrices, and I the rank-2 unit
matrix. We will set ǫα(q) = 0 below, since it is ir-
relevant to the physics we will discuss. The parame-
ters {∆α;x,y,mα, vα;x,y, λα;x,y, Aα;ij , Bα;ij , Cα;ij} are all
momentum-independent, and Xijqiqj with X = {A,B,C}
is a shorthand notation of Xxxq
2
x + Xyyq
2
y + Xxyqxqy . To
ensure that the Hamiltonian correctly describes the band edge,
all linear momentum terms in the energy spectra (E±α = ±dα,
with dα ≡
√
d2α;x + d
2
α;y + d
2
α;z) must vanish, which puts the
following two constraints on the above parameters,
∆α;xvα;x = −mαλα;x, ∆α;yvα;y = −mαλα;y. (2)
Topological properties of Hα(q) are characterized by the
Chern number[55] (note if TRS is preserved, Hα has a TRS
partner with opposite Chern number, and the total Hamil-
tonian H is characterized by a Z2 number). Neglect all
quadratic momentum terms in Hα(q), a short calculation re-
veals that the Chern number Cα =
1
2 sgn(vα;xvα;ymα), indi-
cating that Hα(q) will undergo a TPT when the mass term
mα changes sign. As in general the coefficients of the terms
containing momentum will keep their signs when mα is var-
ied across the critical point, the constraints in Eq.(2) indicate
that as long as ∆α;x and ∆α;y do not identically equal zero
(∆α ≡ 0 implies λα ≡ 0), they will change their signs with
mα at the same time.
Let us now investigate the shift current, which is a second-
order optical effect with the induced direct current propor-
tional to the square of optical field[49–51, 56–64]), i.e., Ja =
σabb(ω)Eb(ω)Eb(−ω), where σabb represents the shift current
tensor, and Eb denotes the optical field. For the two-band
Hamiltonian Hα(q), the shift current tensor is simply deter-
mined by the following formula[51, 56, 65]
σabbα (ω) =
4πe3
h¯4ω3
∫
d2q
(2π)2
[F abb1α + F
abb
2α ]f
−+
α δ(h¯ω − 2dα),(3)
where a, b = {x, y}, f−+α = f(−dα)− f(dα), with f(dα) =
1/{1+exp[(dα−µ)/kBT ]} the Fermi-Dirac distribution func-
tion (µ the chemical potential, T the temperature, and kB
the Boltzmann constant). Expressions for the two integrands
in bracket are F abb1α = dα · (∂abdα × ∂bdα) and F abb2α =
(h¯ω)2Ωα;ab∂bdα/2, with Ωα;ab = −dα ·(∂adα×∂bdα)/2d3α
the Berry curvature of the valence band[55]. Because Ωα;ab
vanishes identically when a = b, it is readily seen that F xxx2α
and F yyy2α also vanish identically. For F
xyy
2α and F
yxx
2α , be-
cause ∂bdα vanishes at the band edge, this indicates that they
also do not contribute to the shift current tensor when the opti-
cal frequency exactly matches the band gap, i.e., ω = Eg;α ≡
2min{dα} = 2
√
∆2α;x +∆
2
α;y +m
2
α. Near the band edge,
leading order terms of F xyy2α and F
yxx
2α are found to be linear
in momentum, thus their contributions can be safely neglected
in this regime. For F abb1α , a straightforward calculation reveals
F abb1α = F
abb(0)
1α +O(q), where F abb(0)1α represents the zeroth-
order term in momentum and
F
xxx(0)
1α = (∆α;xλα;x −mαvα;x)Bα;xx +∆α;y(Cα;xxvα;x −Aα;xxλx),
F
yyy(0)
1α = (mαvα;y −∆α;yλα;y)Aα;yy +∆α;x(Bα;yyλα;y − Cα;yyvα;y),
F
yxx(0)
1α = (∆α;xλα;x −mαvα;x)Bα;xy +∆α;y(Cα;xyvα;x −Aα;xyλα;x),
F
xyy(0)
1α = (mαvα;y −∆α;yλα;y)Aα;xy +∆α;x(Bα;xyλα;y − Cα;xyvα;y). (4)
As∆α;x,∆α;y andmα change their signs simultaneously, it is
readily seen that all components of F
abb(0)
1α will reverse their
signs across the critical point.
Applying the formula in Eq.(3), we find that for optical fre-
quency close to the band gap (µ = 0 in this work),
σabbα (ω) ≃ −
e3F
abb(0)
1α
2h¯3ω2v¯α
tanh
h¯ω
4kBT
Θ(h¯ω − Eg;α), (5)
where v¯α =
√
v2α;xv
2
α;y + λ
2
α;xv
2
α;y + v
2
α;xλ
2
α;y , and Θ(x) is
the Heviside step function. For the convenience of discus-
sion, we name σabbα (ω) with ω = Eg;α band-edge shift cur-
rent tensor. Two remarkable features of the band-edge shift
current tensor can immediately be read from Eq.(5): (i) No
matter what realistic value the temperature takes, all nonva-
nishing components will reverse their signs across the TPT;
(ii) All nonvanishing components have a discontinuous jump
across the TPT, with the discontinuous jump inversely pro-
portional to the temperature, and going divergent in the zero-
temperature limit. Apparently, the singular sign-reversal be-
havior of band-edge shift current tensor can be easily detected
in experiments, thus it can be applied as a sensitive approach
to determine the critical points of TPTs, even for the class of
TPTs driven by temperature[66–70]. Noteworthily, although
here Hα(q) only describes TPTs with Chern number jump
|∆Cα| = 1, the singular sign-reversal behavior also appears
for more unusual ones with |∆Cα| ≥ 2 as nonvanishing band-
edge shift current tensor must be proportional to the zeroth or-
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FIG. 1. A schematic of the honeycomb-lattice system. Without
inversion symmetry, a photocurrent will be generated when a beam of
linearly polarized light is incident perpendicular to the lattice plane.
der momentum terms in the low-energy Hamiltonian, which,
as we have analyzed above, will change their signs across the
TPT. Therefore, in the absence of inversion symmetry, the sin-
gular sign-reversal behavior is expected to hold for various
TPTs allowed by class A in 2D.
As Hα(q) may have symmetry-related partners, let us an-
alyze the effects of the allowed symmetries to the shift cur-
rent tensor. In this work, for spatial symmetries, we confine
ourselves to the symmorphic ones for simplicity and leave
the more complicated nonsymmorphic symmetries for future
study. Clearly, in 2D the absence of inversion symmetry di-
rectly rules out the C2, C4 and C6 rotation symmetry, as well
as the existence of two mirror symmetries with respect to two
orthogonal mirror planes. Therefore, 2D inversion asymmet-
ric insulators can at most simultaneously have C3 rotation
symmetry, TRS and certain mirror symmetries whose mir-
ror planes are not orthogonal. Clearly, shift current tensors
from the band edges related by C3 rotation symmetry have
to be equal. Further analysis according to Eqs.(1) and (3) re-
veals that shift current tensors from the band edges related by
TRS are equal, but are opposite for mirror symmetry. Since
the effect of TRS is a doubling of shift current tensors, it be-
comes clear that the singular sign-reversal behavior of band-
edge shift current tensor also holds for TPTs allowed by class
AII in 2D.
Concrete model.— In the following we take the Kane-Mele
model as a concrete example to demonstrate the above general
analysis. A schematic diagram of the system is presented in
Fig.1. The Hamiltonian reads[19, 20]
H = t
∑
〈ij〉
c†i cj + iλso
∑
〈〈ij〉〉
νijc
†
is
zcj + λv
∑
i
ξic
†
i ci, (6)
in which the three terms in sequence refer to the nearest-
neighbour hopping, spin-orbit coupling and stagger potential
(ξi = 1(−1) if i ∈ A(B) sublattices) on a honeycomb lattice,
respectively. The spin-orbit coupling is related to the second-
nearest-neighbour hopping, and when the hopping trajectory
is anticlockwise (clockwise), vij = 1(−1). The presence of
stagger potential breaks the crucial inversion symmetry.
In momentum space, H =
∑
k c
†
kH(k)ck with ck =
(cA,k↑, cB,k↑, cA,k↓, cB,k↓)T and
H(k) = 2λso(2 sin
√
3kxa
2
cos
3kya
2
− sin
√
3kxa)τzsz
+λvτz + t(cos kya+ 2 cos
√
3kxa
2
cos
kya
2
)τx
+t(sin kya− 2 cos
√
3kxa
2
sin
kya
2
)τy, (7)
where τi with i = {x, y, z} are Pauli matrices acting on the
sublattice space, and sz is a Pauli matrix acting on the spin
space. For brevity of notation, below we set the lattice con-
stant a = 1 unless otherwise specified. It is easy to check
that a 2π/3 rotation of the momentum, (kx, ky) → (−kx +√
3ky ,−
√
3kx−ky)/2, leaves the Hamiltonian intact, indicat-
ing the existence of C3 rotation symmetry. The Hamiltonian
is also invariant under time-reversal operation and mirror re-
flection about the kx = 0 plane, i.e., T H(k)T −1 = H(−k),
MH(kx, ky)M−1 = H(−kx, ky), with the time-reversal op-
erator T = isyK (K the complex conjugate operator) and the
mirror reflection operatorM = sx.
The Kane-Mele model belongs to class AII and is
well-known to host two topologically distinct phases (Z2
classification)[19, 20]. For |λv| < |
√
3λso|, the model de-
scribes a quantum spin Hall insulator (or say topological insu-
lator) with helical gapless modes on the boundary, while for
|λv| > |
√
3λso|, it describes a normal insulator without gap-
less boundary modes. |λv| = |
√
3λso| is the critical point at
which the band gap is closed and TPT takes place.
As in this work the band-edge shift current tensor is of
central interest, below we also focus on the low-energy
Hamiltonian around the band edge at first. The band
edges of this model are located at the two valleys K =
(−4π/3√3, 0) and K′ = (4π/3√3, 0). A short cal-
culation reveals that the low-energy Hamiltonian is given
by H =
∑
χ,s;q ⊕Ψ†χ,s;qHχ,s(q)Ψχ,s;q, where Ψχ,s;q =
(cA,qs, cB,qs)
T andHα,s(q) = dχ,s(q) · τ with
dχ,s;x(q) =
3t
2
(χqx +
1
4
q2x −
1
4
q2y),
dχ,s;y(q) =
3t
2
(qy − 1
2
χqxqy),
dχ,s;z(q) = mχ,s +
9
√
3
4
λsoχs(q
2
x + q
2
y), (8)
where χ = 1(−1) for K(K ′) valley, and s = 1(−1) for
up(down) spin. mχ,s = −3
√
3λsoχs + λv denotes the Dirac
mass. Following Eqs.(3) and 4, we find σxxxχ,s and σ
xyy
χ,s vanish
identically for every choice of (χ, s), thus σxxx =
∑
χ,s σ
xxx
χ,s
and σxyy =
∑
χ,s σ
xyy
χ,s are both equal to zero, consistent with
the fact that the full Hamiltonian is mirror symmetric about
the kx = 0 plane. For the remaining two components, we find
that for optical frequency close to the band gap[65],
σyyyχ,s (ω) ≃ −
e3amχ,s
4h¯3ηχ,sω2
tanh
h¯ω
4kBT
Θ(h¯ω − 2|mχ,s|),
σyxxχ,s (ω) ≃
e3amχ,s
4h¯3ηχ,sω2
tanh
h¯ω
4kBT
Θ(h¯ω − 2|mχ,s|), (9)
4where ηχ,s = 1+2
√
3λsomχ,sχs/t
2 is a dimensionless quan-
tity. We have restored the lattice constant based on dimen-
sional analysis. Once λv 6= 0, σyyy =
∑
χ,s σ
yyy
χ,s and
σyxx =
∑
χ,s σ
yxx
χ,s will take a finite value for optical fre-
quency above the band gap. For the general case with finite
λso and λv, the Dirac mass mχ,s will have two different val-
ues, and only the two contributions related to the smaller Dirac
mass are relevant to band edges. For the convenience of dis-
cussion, below we consider both λso and λv are positive, then
the smaller Dirac mass takes the value λv − 3
√
3λso. For fre-
quency exactly matching the band gap, it is straightforward to
find
σyyy(ω = 2|m|) = − e
3a
8h¯ηm
tanh
|m|
2kBT
,
σyxx(ω = 2|m|) = e
3a
8h¯ηm
tanh
|m|
2kBT
, (10)
wherem = λv−3
√
3λso, and η = 1+2
√
3λsom/t
2. Results
clearly demonstrate that the band-edge shift current tensors,
so too the band-edge shift current, will reverse their signs in a
singular way across the TPT. It is noteworthy that if only one
spin degree of freedom is considered, the Kane-Mele model
reduces to the Haldane model (belongs to class A) in which
TRS is absent and the TPTs are between a quantum anoma-
lous Hall insulator (or say Chern insulator) with Chern num-
ber |C| = 1 and a normal insulator with C = 0[71]. Appar-
ently, the singular sign-reversal behavior of band-edge shift
current tensor holds for the TPTs of the Haldane model.
Before ending this section, let us give further discussions
on the shift current of this concrete model. As only σyyy and
σyxx take nonzero values when the optical frequency is above
the band gap, the shift current will be generated along the y
direction when a beam of linearly polarized light is incident
perpendicular to the system, as illustrated in Fig.1. Further-
more, as σyyy ≃ −σyxx, the sign difference provides a knob
to tune the strength and direction of the shift current through
the polarization of the light, potentially allowing novel appli-
cations in optoelectronics. Interestingly, when the polariza-
tion is bound in the x direction, the shift current is purely a
nonlinear Hall current, i.e., the current flows in the direction
perpendicular to the optical field. As is originated from in-
terband processes, this nonlinear Hall effect is distinct from
the one induced by Berry curvature dipole[72–74] which is an
intraband effect.
For completeness, Fig.2 presents the shift current tensor of
the full Hamiltonian (7). As we found that σyyy ≃ −σyxx
holds even for frequency much larger than the band gap, here
only σyyy is presented. The result clearly demonstrates the
sign-reversal behavior of band-edge shift current tensor across
the TPT. Furthermore, we also verified numerically that the
introduction of Rashba spin-orbit coupling to the Kane-Mele
model, which keeps the TRS but breaks the spin conserva-
tion, does not change the sign-reversal behavior[65], indicat-
ing that this remarkable behavior holds no matter whether the
spin conserves or not.
0 1 2 3
-1
0
1
 =0.6 
 =0.7
 =0.8
 =0.2 
 =0.3
 =0.4
yy
y /
0
FIG. 2. The nonvanishing longitudinal component of shift
current tensor for the Kane-Mele model. We set t = 1 as
the energy unit, other parameters are: λso =
√
3/18, σ0 =
(e3a/h¯) tanh(h¯ω/4kBT ). For the parameters chosen, λv = 0.5
is a critical point of TPT. The sign-reversal behavior of band-edge
shift current tensor associated with TPT is clearly seen.
Experimental considerations and conclusions.— Though
the relevance to many 2D inversion asymmetric materials[16–
18], here we suggest two classes of materials to test our pre-
dictions. The first class of materials are monolayer group-
IV elements, including silicene[75, 76], germanene[75, 76],
stanene[77], and their alloys, whose underlying topological
properties are described by the very Kane-Mele model. Ow-
ing to their buckled structures, their band gaps can be continu-
ously tuned by gate voltage[12, 13, 78] or strain[79], thus con-
tinuous TPTs in this class of materials can be achieved. The
second class of materials are structural inversion asymmetric
quantum wells. Noteworthily, it has been experimentally con-
firmed that for sufficient thickness, the AlSb/InAs/GaSb/AlSb
quantumwell is a small gap topological insulator[80]. For this
quantum well, TPT can also be continuously tuned by gate
voltage[81], thus our proposal can immediately be tested.
The shift current can be detected by short-circuit current
measurements[50, 82, 83]. While tracking the evolution of
band-edge shift current tensor across TPTs can irrefutably de-
termine the critical points, in experiments it is more practical
to keep the frequency of optical field fixed at a sufficiently
small value, and detect the sign-reversal behavior of shift
current only. As an estimation, we consider the frequency
h¯ω = 1 meV, the field strength E = 105 V/m, the temper-
ature T = 10K, the lattice constant a = 4A˚, and a change
of Dirac mass from m = 0.01 meV to −0.01 meV, then ac-
cording to Eq.(9), it is readily found that the shift current will
change from J ∼ 0.1 A/cm to −0.1 A/cm. Such a notable
sign-reversal behavior can be easily detected in experiments.
In conclusion, we have demonstrated that for 2D inver-
sion asymmetric insulators, with and without TRS, a mea-
surement of shift current can determine the critical points of
various TPTs precisely, even for temperature-driven ones[66–
70], hopefully paving the way for future research on 2D TPTs.
This work may also stimulate studies of other nonlinear ef-
fects across TPTs, as well as further exploration of the effects
5of interaction and disorder to such nonlinear effects.
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This supplemental material contains three parts: (I) The derivation of Eq.(3) in the main text; (III) Some details of the
calculation of shift current tensor, and a comparison between the results from the full Hamiltonian and those from the low-
energy continuum Hamiltonian; (III) Demonstration of the sign-reversal behavior of band-edge shift current tensor for spin
nonconserving case.
I. THE DERIVATION OF EQ.(3) IN THE MAIN TEXT
The shift current is a second-order optical effect with the induced direct current proportional to the square of the optical field,
i.e., Ja = σ
abc(ω)Eb(ω)Ec(−ω). For linearly polarized light and in the independent particle approximation, the shift current
tensor σabc is given by[51]
σabb(ω) =
2πe3
h¯
∫
dDk
(2π)D
∑
αβ
fαβ|rbαβ |2Raαβδ(h¯ω − Eβα), (S1)
where raαβ = i〈uα|∂auβ〉 (∂a is a shorthand notation of ∂∂ka ) with α 6= β is the interband Berry connection; fαβ = fα − fβ
with fα = 1/(1 + exp[(Eα(k) − µ)/kBT ]) the Fermi-Dirac distribution function, where µ is the chemical potential, T is the
temperature, and kB is the Boltzmann constant; Eβα = Eβ(k) − Eα(k) represents the energy difference between two bands
labeled by α and β at momentum k; Raαβ = −∂aarg(rbαβ)+ξaαα−ξaββ is known as the shift vector which is related to the electric
polarization between bands[62]; ξaαα = i〈uα|∂auα〉 is the intraband Berry connection. Although the shift vector involves the
gauge-dependent Berry connection, the formula in Eq.(S1) is gauge-invariant.
Let us focus on the two-band case. For a two-band Hamiltonian, it can always be expressed in terms of the Pauli matrices as
H(k) = d(k) · τ + ǫ(k)I, (S2)
where d(k) = (dx(k), dy(k), dz(k)), τ = (τx, τy, τz) are Pauli matrices, and I is the rank-2 unit matrix. Correspondingly, the
energy spectra read
E±(k) = ǫ(k)± d(k), (S3)
and the eigenvectors take the form
|u+(k)〉 =
(
cos θk2
sin θk2 e
iφk
)
, |u−(k)〉 =
(
sin θk2 e
−iφk
− cos θk2
)
, (S4)
where d(k) =
√∑
i=x,y,z di(k)
2, θk = arctan
√
d2x(k) + d
2
y(k)/dz(k), and φk = arctandy(k)/dx(k) (for brevity of nota-
tion, in this section we no longer write down the k-dependence explicitly). According to the eigenvectors, the interband and
intraband Berry connections are given by
rb−+ = i〈u−|∂bu+〉
= − ie
iφk
2
(∂bθk + i sin θk∂bφk) = (r
b
+−)
∗,
ξa−− = i〈u−|∂au−〉 = sin2
θk
2
∂aφk,
ξa++ = i〈u+|∂au+〉 = − sin2
θk
2
∂aφk. (S5)
Thus, |rb−+|2 = [(∂bθk)2 + sin2 θk(∂bφk)2]/4, and the shift vector is given by
Ra−+ = −∂aarg(rb−+) + ξa−− − ξa++
= −∂aφk − ∂a arctan sin θk∂bφk
∂bθk
+ 2 sin2
θk
2
∂aφk
= − cos θk∂aφk − ∂a arctan sin θk∂bφk
∂bθk
. (S6)
9By using the expression of θk and φk, a straightforward calculation reveals
|rb−+|2 =
1
8d4
∑
ij
(di∂bdj − dj∂bdi)2. (S7)
It is readily seen that |rb−+|2 is invariant under the cyclic changes, {dx → dy, dy → dz , dz → dx} and {dx → dz, dy →
dx, dz → dy}. Meanwhile, the shift current tensor is a physical quantity, such a cyclic change will also not affect its result. By
using this cyclic property, it is straightforward to find
∫
cos θk∂aφk =
∫
dz(dx∂ady − dy∂adx)
d(d2x + d
2
y)
=
∫
dz(dx∂ady − dy∂adx) + cyclic changes
d(d2x + d
2
y) + cyclic changes
=
∫
d · (d× ∂ad)
2d3
= 0. (S8)
Thus, the shift current tensor is given by
σabb =
2πe3
h¯
∫
dDk
(2π)D
f−+|rb−+|2Ra−+δ(h¯ω − 2d)
= −2πe
3
h¯
∫
dDk
(2π)D
f−+|rb−+|2(∂a arctan
sin θk∂bφk
∂bθk
+ cyclic changes)δ(h¯ω − 2d)
=
πe3
2h¯
∫
dDk
(2π)D
{[sin θk∂bφk∂abθk − ∂a(sin θk∂bφk)∂bθk] + cyclic changes}f−+δ(h¯ω − 2d).
It is noteworthy that here the “cyclic change” means that the nominator and denominator of [sin θk∂bφk∂abθk −
∂a(sin θk∂bφk)∂bθk] do a simultaneous cyclic change, like that in Eq.(S8). The integrand in the bracket can be rewritten in
terms of the three components of the d-vector. According to the expressions of θk and φk, it is readily found
sin θk∂bφk =
dx∂ady − dy∂adx
d
√
d2x + d
2
y
,
∂bθk =
(dx∂bdx + dy∂bdy)dz − (d2x + d2y)∂bdz
d2
√
d2x + d
2
y
, (S9)
then
sin θk∂bφk∂abθk − ∂a(sin θk∂bφk)∂bθk
=
(dx∂bdy − dy∂bdx)
d5(d2x + d
2
y)
2
{
d2(d2x + d
2
y) [(∂adx∂bdx + dx∂abdx + ∂ady∂bdy + dy∂abdy)dz + (dx∂bdx + dy∂bdy)∂adz
−2(dx∂adx + dy∂ady)∂bdz − (d2x + d2y)∂abdz
]− 2(d2x + d2y) [(dx∂bdx + dy∂bdy)dz − (d2x + d2y)∂bdz]
×(dx∂adx + dy∂ady + dz∂adz)− d2
[
(dx∂bdx + dy∂bdy)dz − (d2x + d2y)∂bdz
]
(dx∂adx + dy∂ady)
}
−
[
(dx∂bdx + dy∂bdy)dz − (d2x + d2y)∂bdz
]
d5(d2x + d
2
y)
2
{
d2(d2x + d
2
y)(∂adx∂bdy + dx∂abdy − ∂ady∂bdx − dy∂abdx)
−(d2x + d2y)(dx∂bdy − dy∂bdx)(dx∂adx + dy∂ady + dz∂adz)− d2(dx∂bdy − dy∂bdx)(dx∂adx + dy∂ady)
}
. (S10)
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We first consider the terms with second derivative, which give
P1 =
1
d5(d2x + d
2
y)
2
{
d2(d2x + d
2
y)(dx∂bdy − dy∂bdx)
[
(dx∂abdx + dy∂abdy)dz − (d2x + d2y)∂abdz
]
−d2(d2x + d2y)(dx∂abdy − dy∂abdx)
[
(dx∂bdx + dy∂bdy)dz − (d2x + d2y)∂bdz
]}
=
1
d3(d2x + d
2
y)
{
(d2x + d
2
y) [(dx∂abdy − dy∂abdx)∂bdz − (dx∂bdy − dy∂bdx)∂abdz]
+ [(dx∂bdy − dy∂bdx)(dx∂abdx + dy∂abdy)− (dx∂abdy − dy∂abdx)(dx∂bdx + dy∂bdy)] dz}
=
1
d3
[(dx∂abdy − dy∂abdx)∂bdz − (dx∂bdy − dy∂bdx)∂abdz + (∂abdx∂bdy − ∂abdy∂bdx)dz]
=
1
d3
[dx(∂abdy∂bdz − ∂abdz∂bdy) + dy(∂abdz∂bdx − ∂abdx∂bdz) + dz(∂abdx∂bdy − ∂abdy∂bdx)]
=
d · (∂abd× ∂bd)
d3
. (S11)
It is apparent that such a form is invariant under the cyclic change. Thus, the contribution of this part to the shift current tensor
is
πe3
2h¯
∫
dDk
(2π)D
d · (∂abd× ∂bd)
d3
f−+δ(h¯ω − 2d)
=
πe3
2h¯
∫
dDk
(2π)D
d · (∂abd× ∂bd)
(h¯ω/2)3
f−+δ(h¯ω − 2d)
=
4πe3
h¯4ω3
∫
dDk
(2π)D
d · (∂abd× ∂bd)f−+δ(h¯ω − 2d)
= σabbI . (S12)
For the remaining parts, by using the cyclic change of d-vector and doing some lengthy but straightforward calculations, we find
the result is
P2 =
1
d5

∑
ijk
ǫijkd2j∂adi∂bdj∂bdk +
∑
ijk
ǫijkdidj∂bdi(∂adi∂bdk − ∂bdi∂adk)


=
1
d5

∑
ijk
ǫijkdj∂adi∂bdk(di∂bdi + dj∂bdj)−
∑
ijk
ǫijkdj∂adk(di∂bdi)


=
1
d5

∑
ijk
ǫijkdj∂adi∂bdk(di∂bdi + dj∂bdj)−
∑
ijk
ǫkjidj∂bdk∂adi(dk∂bdk)


=
1
d5

∑
ijk
ǫijkdj∂adi∂bdk(di∂bdi + dj∂bdj + dk∂bdk)


=
1
d5

∑
ijk
ǫijkdj∂adi∂bdk(d∂bd)


=
1
d4

∑
ijk
ǫijkdj∂adi∂bdk(∂bd)


= − 1
d4
[d · (∂ad× ∂bd)(∂bd)]
=
2
d
Ωab(∂bd), (S13)
where Ωab = −d · (∂ad× ∂bd)/2d3 is the Berry curvature of the valence band. The contribution of this part to the shift current
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tensor is
πe3
2h¯
∫
dDk
(2π)D
2Ωab(∂bd)
d
f−+δ(h¯ω − 2d)
=
πe3
2h¯
∫
dDk
(2π)D
2Ωab(∂bd)
h¯ω/2
f−+δ(h¯ω − 2d)
=
2πe3
h¯2ω
∫
dDk
(2π)D
Ωab(∂bd)f−+δ(h¯ω − 2d)
= σabbII . (S14)
The summation of σabbI and σ
abb
II gives the formula in Eq.(3) of the main text.
II. SHIFT CURRENT TENSOR OF THE LOW-ENERGY CONTINUUM HAMILTONIAN
In momentum space, the Kane-Mele model is given byH =
∑
k c
†
kH(k)ck with ck = (cA,k↑, cB,k↑, cA,k↓, cB,k↓)
T and
H(k) = 2λso(2 sin
√
3kxa
2
cos
3kya
2
− sin
√
3kxa)τzsz
+λvτz + t(cos kya+ 2 cos
√
3kxa
2
cos
kya
2
)τx
+t(sin kya− 2 cos
√
3kxa
2
sin
kya
2
)τy, (S15)
where τi with i = {x, y, z} are Pauli matrices acting on the sublattice space, and sz is a Pauli matrix acting on the spin space.
For brevity of notation, below we set the lattice constant a = 1 unless otherwise specified. For this model, the band edges are
located at the two pointsK = (− 4pi
3
√
3
, 0) andK′ = ( 4pi
3
√
3
, 0). By expanding the full Hamiltonian in Eq.(S15) around these two
points to second order in momentum, the low-energy continuum Hamiltonian is given byH(q) =
∑
χ,s⊕dχ,s(q) · τ with
dχ,s;x(q) =
3t
2
(χqx +
1
4
q2x −
1
4
q2y),
dχ,s;y(q) =
3t
2
(qy − 1
2
χqxqy),
dχ,s;z(q) = −3
√
3λsoχs[1− 3
4
(q2x + q
2
y)] + λv, (S16)
where χ = +1 forK valley, χ = −1 for K ′ valley, s = +1 for up spin and s = −1 for down spin. For the energy spectra, we
also keep the momentum to second order,
Eχ,s;±(q) = ±dχ,s(q) = ±
√
9ηχ,st2
4
(q2x + q
2
y) +m
2
χ,s, (S17)
where mχ,s = −3
√
3λsoχs + λv , and ηχ,s = 1 + 2
√
3λsomχ,sχs/t
2. For this low-energy continuum Hamiltonian, we will
consider t≫ λso, λv so that ηχ,s is always positive definite and the band edges are indeed located at the two pointsK andK′.
A short calculation reveals
F yyy1;χ,s = dχ,s(q) · (∂yydχ,s(q)× ∂ydχ,s(q))
=
9t2
8
(3
√
3λsoχs− λv) +O(q). (S18)
Near the band edge, all higher order terms contained inO(q) can be safely neglected as q→ 0. For frequency close to the band
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FIG. S1. The solid lines refer to shift current tensors obtained from the full lattice Hamiltonian, while the dashed lines refer to shift current
tensors obtained from the low-energy continuum Hamiltonian. Parameters t = 1, λso =
√
3/18, (a) λv = 0.4, and (b) λv = 0.6. The
chemical potential µ and temperature T are fixed to zero, correspondingly, σ0 = e
3a/h¯. For the parameters chosen, there is a critical point at
λv = 0.5.
gap,
σyyyχ,s (ω) ≃
4πe3
h¯4ω3
∫
d2q
(2π)2
9t2
8
(3
√
3λsoχs− λv)δ(h¯ω − 2
√
9ηχ,st2
4
(q2x + q
2
y) +m
2
χ,s)
=
e3
2h¯4ηχ,sω3
∫ ∞
0
dx(3
√
3λsoχs− λv)δ(h¯ω − 2
√
x+m2χ,s)
=
e3
4h¯3ηχ,sω2
(3
√
3λsoχs− λv)Θ(h¯ω − 2|mχ,s|)
= − e
3mχ,s
4h¯3ηχ,sω2
Θ(h¯ω − 2|mχ,s|). (S19)
For the off-diagonal component, we find
F yxx1;χ,s = dχ,s(q) · (∂yxdχ,s(q)× ∂xdχ,s(q))
= −9t
2
8
(3
√
3λsoχs− λv) +O(q),
F yxx2;χ,s = (h¯ω)
2Ωχ,s;yx∂xdχ,s/2 = O(q).
Again, the terms contained in O(q) can be safely neglected near the band edge. Thus for frequency close to the band gap,
σyxxχ,s (ω) ≃
4πe3
h¯4ω3
∫
d2q
(2π)2
[−9t
2
8
(3
√
3λsoχs− λv)]δ(h¯ω − 2
√
9ηχ,st2
4
(q2x + q
2
y) +m
2
χ,s)
= − e
3
4h¯3ηχ,sω2
(3
√
3λsoχs− λv)Θ(h¯ω − 2|mχ,s|)
=
e3mχ,s
4h¯3ηχ,sω2
Θ(h¯ω − 2|mχ,s|)
≃ −σyyyχ,s (ω). (S20)
If we restore the lattice constant, simple dimensional analysis reveals
σyxxχ,s (ω) ≃ −σyyyχ,s (ω)
≃ − e
3a
4h¯3ηχ,sω2
(3
√
3λsoχs− λv)Θ(h¯ω − 2|mχ,s|).
We present the results from the full Hamiltonian and those from the low-energy continuum Hamiltonian in Fig.S1 for a
comparison. In the figure, the solid lines refer to shift current tensors of the full Hamiltonian, and the dashed lines refer to shift
current tensors of the low-energy continuum Hamiltonian under the same parameter condition, it is remarkable that although
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FIG. S2. Common parameters t = 1, λso =
√
3/18. (a) The variation of band gap with λv for fixed Rashba spin-orbit coupling. The gap
closing points (Eg = 0) correspond to the critical points of TPTs. (b) Parameters µ = 0, T = 0, λR = 0.2 and σ0 = e
3/h¯. According to
the band gap evolution in (a), the TPT takes place at λv = 0.32. Clearly, the band-edge shift current tensor reverses its sign across the TPT,
confirming that the sign-reversal behavior of band-edge shift current tensor holds no matter whether the spin is conserved or not.
only leading order terms are kept for the shift current tensors of the low-energy continuum Hamiltonian, the results from the
full Hamiltonian and those from the low-energy continuumHamiltonian agree with each other very well in a considerably broad
range.
III. SPIN NON-CONSERVING CASE
In this section, we demonstrate that the sign-reversal behavior of band-edge shift current tensor holds even when the spin in
the Kane-Mele model no longer conserves. For concreteness, we introduce the Rashba spin-orbit coupling to break the spin
conversation, which is given by
HR = iλR
∑
〈i,j〉
c†i (s× dˆij)zcj, (S21)
where dˆij denotes the unit vector connecting i and j. Then the full Hamiltonian in momentum space becomes
H(k) = 2λso(2 sin
√
3kxa
2
cos
3kya
2
− sin
√
3kxa)τzsz + λvτz + t(cos kya+ 2 cos
√
3kxa
2
cos
kya
2
)τx
+t(sin kya− 2 cos
√
3kxa
2
sin
kya
2
)τy − λR(cos
√
3kxa
2
sin
kya
2
+ sin kya)τxsx
+
√
3λR sin
√
3kxa
2
cos
kya
2
τxsy + λR(cos
√
3kxa
2
cos
kya
2
− cos kya)τysx
+
√
3λR sin
√
3kxa
2
sin
kya
2
τysy. (S22)
This rank-4 matrix can not be decomposed as the direct sum of two rank-2 matrices any more, so we have to use the general
formula in Eq.(S1) and calculate the shift current tensor numerically. Meanwhile, as the Rashba spin-orbit coupling does not
break the mirror symmetry about the kx = 0 plane, σ
xxx and σxyy still vanish identically.
The numerical results are presented in Fig.S2. Fig.S2(a) shows that the introduction of Rashba spin-orbit coupling will change
the position of critical point. Fig.S2(b) demonstrates that the sign-reversal behavior of band-edge shift current holds even when
the spin conservation is broken by the Rashba spin-orbit coupling. Because we find that σyyy ≃ −σyxx still holds, here only
σyyy is presented.
